The shear viscosity to entropy density ratio, η/s, characterizes how perfect a fluid is. We calculate the leading order η/s of a gluon plasma in perturbation using the kinetic theory. The leading order contribution only involves the elastic gg ↔ gg (22) process and the inelastic gg ↔ ggg (23) process. The Hard-Thermal-Loop (HTL) treatment is used for the 22 matrix element, while the exact matrix element in vacuum is supplemented by the gluon Debye mass insertion for the 23 process. Also, the asymptotic mass is used for the external gluons in the kinetic theory. The errors from not implementing HTL and the Landau-Pomeranchuk-Migdal effect in the 23 process, and from the uncalculated higher order corrections, are estimated. Our result for η/s lies between that of Arnold, Moore and Yaffe (AMY) and Xu and Greiner (XG). Our result shows that although the finite angle contributions are important at intermediate αs (αs ∼ 0.01-0.1), the 22 process is still more important than 23 when αs 0.1. This is in qualitative agreement with AMY's result. We find no indication that the proposed perfect fluid limit η/s ≃ 1/(4π) can be achieved by perturbative QCD alone.
Both XG and AMY use kinetic theory for their calculations. The main differences are (i) XG uses a parton cascade model [32] to solve the Boltzmann equation and, for technical reasons, gluons are treated as a classical gas instead of a bosonic gas. On the other hand, AMY solves the Boltzmann equation for a bosonic gas. (ii) AMY approximates the N g ↔ (N + 1)g processes, N = 2, 3, 4 . . ., by the g ↔ gg splitting in the collinear limit where the two gluon splitting angle is higher order. XG uses the soft gluon bremsstrahlung limit where one of the gluon momenta in the final state of gg → ggg is soft but it can have a large splitting angle with its mother gluon.
In an earlier attempt to resolve the discrepancy between XG's and AMY's results [33] , a Boltzmann equation computation of η is carried out without taking the classical gluon approximation (like AMY's approach) but the soft gluon bremsstrahlung limit is applied to the 23 matrix element (like XG's approach, modulo a factor 2 in the 23 matrix element squared; see [33] for details). It was found that the classical gas approximation does not cause a significant error in η/s (although the individual errors on η and s are larger). However, the result is sensitive to whether the soft gluon bremsstrahlung limit is imposed on the phase space or not. If this limit is imposed, the result is closer to AMY's; if not, the result is closer to XG's. This raises the concern whether this approximation is good for computing η.
The goal of this paper is to settle this issue by removing both the soft gluon bremsstrahlung approximation and the collinear approximation to the 23 process. The leading order [O(α −2 s )] contribution to η only involves the 22 and 23 processes [28] (the power counting for 22, 23 and other processes are reproduced in [33] ). In this paper, the Hard-Thermal-Loop (HTL) treatment is used for the 22 matrix element, while the exact matrix element in vacuum is supplemented by the gluon Debye mass insertion for the 23 process. Also, the Debye mass is used for the external gluon mass in the kinetic theory as well. The errors from not implementing HTL and the Landau-Pomeranchuk-Migdal effect in the 23 process, and from the uncalculated higher order corrections, are also estimated.
II. KINETIC THEORY BEYOND THE SOFT OR COLLINEAR GLUON APPROXIMATIONS
Using the Kubo formula, η can be calculated through the linearized response function of a thermal equilibrium state
where T ij is the spatial part of the off-diagonal energy momentum tensor. In a leading order (LO) expansion of the coupling constant, there are an infinite number of diagrams [34, 35] . However, it is proven that the summation of the LO diagrams in a weakly coupled φ 4 theory [34] [35] [36] [37] [38] or in hot QED [39] is equivalent to solving the linearized Boltzmann equation with temperature-dependent particle masses and scattering amplitudes. The conclusion is expected to hold in weakly coupled systems and can as well be used to compute the LO transport coefficients in QCD-like theories [27, 28] , hadronic gases [40] [41] [42] [43] [44] [45] and weakly coupled scalar field theories [34-37, 46, 47] .
The Boltzmann equation of a hot gluon plasma describes the evolution of the color and spin averaged gluon distribution function f p (x) which is a function of space-time x = (t, x) and momentum p = (E p , p). The infinitesimal deviation of f p (x) from its equilibrium value f eq p = (e v·p/T − 1) −1 is denoted as
where χ p ≡ χ(x, p) can be parametrized as
at the leading order of the derivative expansion of the fluid velocity v(x) = (v 0 , v). T = T (x) is the local temperature, p is the unit vector in the p direction.
. A(p) and B(p) are functions of p which will be fixed by the Boltzmann equation corresponding to the bulk and shear viscosities, respectively. In this work we will just focus on the shear viscosity calculation.
The Boltzmann equation [48] [49] [50] [51] [52] [53] for the gluon plasma reads
where the collision rates are given by
N g = 16 is the color and spin degeneracy of a gluon. The i-th gluon is labeled as i while the n-th gluon is labeled as p. For a process with l initial and (n − l) final gluons, the symmetry factor N (n, l) = l!(n − l − 1)!. For example, processes 12 → 3p, 12 → 34p, 123 → 4p yield (n, l) = (4, 2), (5, 2), (5, 3) and N (n, l) = 2, 4, 6, respectively. In vacuum, the matrix element squared for the 22 process is
where α s = g 2 /(4π) is the strong coupling constant, and (s, t, u) are the Mandelstam variables
For the 23 process [54, 55] , under the convention
where (ij) ≡ p i ·p j and the sum is over all permutations of {1, 2, 3, 4}. To convert to the convention p 1 +p 2 = p 3 +p 4 +p 5 , we just perform the replacement:
In the medium, the gluon thermal mass effect serves as the infrared (IR) cut-off to regularize IR sensitive observables. The most singular part of Eq.(6) comes from the collinear region (i.e. either t ≈ 0 or u ≈ 0) which can be regularized by the Hard-Thermal-Loop (HTL) corrections to the gluon propagators [56, 57] and yields [58] ,
where q = p 1 − p 3 = (q 0 , q), x = q 0 /|q| and φ is the angle betweenp 1 ×q andp 2 ×q. The HTL self-energies Π L (longitudinal) and Π T (transverse) are given by
The external gluon mass m ∞ (i.e. the asymptotic mass) is the mass for an on-shell transverse gluon, and m 2 ∞ = Π T (|x| = 1) = m 2 D /2 both in the HTL approximation and in the full one-loop result. Previous investigations of the thermodynamics within resummed perturbation theory showed that the most important plasma effects are the thermal masses ∼ gT acquired by the hard thermal particles [59] [60] [61] . So a simpler (though less accurate) treatment for the regulator is to insert the Debye mass m D = (4πα s ) 1/2 T to the gluon propagator such that in the center-of-mass (CM) frame,
where q T is the transverse component of q with respect to p 1 . It can be shown easily that Eqs. (9) and (11) coincide in the CM frame in vacuum. This treatment was used in Refs. [30, 33, 50] . We will show both results using HTL and m D for the mass of the internal gluon propagators for comparison. For the 23 process, because the matrix element is already quite complicated, we will just take m D as the regulator for internal gluons and estimate the errors. In the 5 i=1 p i = 0 convention, one can easily show that an internal gluon will have a momentum of ±(p i + p j ) rather than ±(p i − p j ). Therefore, the gluon propagator factors (ij) in the denominator of Eq. (7), should be modified to
where we use m g to denote the external gluon mass. Then one applies Eq. (8) for the Boltzmann equation. In the numerator, the (ij) 4 combination is set by T and is O(T 8 ). So we can still apply the substitution of Eq. (12), even if the (ij) factors might not have the inverse propagator form. The error is ∼ m
It is instructive to show that Eqs. (7, 8) and (12) give the correct soft bremsstrahlung limit. Using the light-cone variable
we can rewrite one momentum configuration in the CM frame in terms of p, p ′ , q and k:
The on-shell condition p
Taking the large s limit, then the y → 0, we obtain
where the permutation is over all final state gluon configurations. We see that Eq. (16) reduces to the Gunion-Bertsch formula [62] after taking m D , m g → 0. A similar derivation of can be found in Ref. [63, 64] .
III. BEYOND VARIATION -SOLVING FOR η SYSTEMATICALLY
Following the standard procedure, the shear viscosity is related to B(p) by,
B ij (p) satisfies the constraint derived from the linearized Boltzmann equation,
However, solving B ij using this equation is technically challenging. It is easier to perform a projection (or convolution) to the above equation, then solve for the less restricted B ij . We will discuss the procedure below. By plugging Eq. (18) into Eq. (17), we obtain η in a bilinear form of B ij ,
Then one can solve for B ij which equates the right hand sides of Eqs. (17) and (19) . This is nothing but a projection of Eq. (18) . The resulting solution is not unique because only the projected equation but not the equation itself is satisfied. However, it is proven [28, 65] that the true solution of B ij , i.e. the solution satisfying Eq. (18), would give the maximum value of η. Thus, solving for η becomes a variational problem.
Recently, an algorithm is developed to find the true solution of B ij systematically [66] . Thus, this approach is no more variational but systematic. Here we outline the procedure. First, expanding B(p) using a specific set of orthogonal polynomials [42, 43] :
with y a constant chosen to be 1 in this case. The dimensionless polynomial B (r) satisfying the orthonormal condition
Then Eq. (19) can be written in a compact form,
while Eq. (17) gives
with
From Eqs. (22) and (23), we can find b 0 by solving the equation
and then determine η from Eq. (23) . [Note that there could be more than one solution satisfying Eqs. (22) and (23), but they all give the same η.] In Ref. [66] , it is proven that this procedure gives a monotonically increasing value of η with increasing r max . Thus, one can systematically approach the true value of η by adding more terms in the expansion of Eq. (20) 
IV. NUMERICAL RESULTS

A. Leading-Log result
The leading order [O(α −2 s )] contribution to η only involves the 22 and 23 processes [28] . The 22 collision rate is larger than 23 by a (ln α s ) factor. In the leading-log (LL) approximation, one just needs to focus on the small q T contribution from the 22 process. Furthermore, it was shown in [67, 68] that using the HTL regulator (9) gives the same LL viscosity to that using the m D regulator (11). Thus, after performing the small q T expansion to Eq. (19), we obtain
which coincides with that of [27] to significant digits shown above. Using the entropy density for non-interacting
, we obtain
This will be used to check our numerical result later. (7) is non-negative.
FIG. 1: η22 over the entropy density (left panel) and η22 over η 22(M D) (right panel) in various treatments. 'LL' is the leading log result of Eq. (26)
. 'HTL' is the result using the full HTL matrix element of Eq. (9) . 'MD' is the result using mD as the regulator as in Eq. (11) . 'AMY' is AMY's result. In AMY and XG, external gluon masses were not included (m g = 0). This divergence was avoided by keeping only the most singular matrix elements in the small k ⊥ , q ⊥ limit, and taking the collinear approximation (AMY) or regulating the gluon bremsstrahlung infrared divergence by the Landau-Pomeranchuk-Migdal (LPM) effect (XG) which will be discussed in Section IV D. We show η 22 /s and η 22+23 /s in the left panel of Fig. 2 , where the HTL propagator is used for 22 and the external gluon mass m g = m ∞ . We also show AMY's result for η 22+23 /s for comparison. In the left panel, we see that our result for η 22+23 /s deviates from XG's significantly, e.g. at α s = 0.1/0.01/0.001 our result gives 2.3/103/7020 but XG give about 0.45/20/1200 (read off from Ref. [30] ) respectively, i.e. our result is about 5 to 6 times as large as XG's. In Ref. [31] they improve their calculation by using the Kubo relation and give larger values 0.795/60 at α s = 0.1/0.01, so our result is about 2 to 3 times theirs. In the right panel of Fig. 2 , we see that the ratio of our result to AMY's approaches unity at α s 10 −4 and ∼ 0.8 at α s ≈ 0.004. The deviation in moderate α s is partly due to the finite angle, non-colinear 3-body configurations in the 23 process described by the full matrix element (7) and partly due to the gluon mass. We have also included a theoretical error band for η 22+23 which will be discussed in Section IV D.
The effect of the 23 process can be seen more clearly in the ratio η 22+23 /η 22 shown in Fig. 3 . We have plotted η 22(HT L)+23 /η 22(HT L) together with AMY's and XG's result for comparison. Our result shows that the 22 process dominates at small α s . When α s increases, η 22+23 /η 22 decreases and the central value reaches the minimum of ∼ 0.6 (which means the 23 collision rate is ∼ 60% of the 22 one) at α s ≃ 0.1 and then increases again for α s 0.1. Thus, our result shows: (1) the 22 process is more important than 23 when α s 0.1; (2) the finite angle contributions are important at intermediate α s (α s ∼ 0.01-0.1). We see that AMY's result which employs the collinear approximation for the 1 ↔ 2 process (corresponding to our 23 process), gives η 22+23 /η 22 close to unity. This implies their 23 collisions
of η22+23 is bounded by η−(lower bound) and η+(upper bound). The external gluon mass is set to m∞. AMY's and XG's η22+23/η22 are also shown. XG's result is taken from Ref. [31] . is just a small purturbation to the 22 collisions. XG's result in Ref. [30] which employs the soft gluon bremsstrahlung approximation, however, gives η 22+23 /η 22 ≃ [0.11, 0.16] around 1/8. This implies their 23 collision rate is about 7 times the 22 one. Their improved result in Ref. [31] gives η 22+23 /η 22 ≃ [0.1, 0.3] corresponding to the 23 collision rate that is about 2 to 9 times (on average 5 times) the 22 one. Our result takes neither of the approximations, lies between AMY's and XG's result, but it agrees with AMY's result qualitatively but not with XG's.
D. Error estimation
Our η 22(HT L)+23 /s is tabulated in Table I . The error assignment is based on the the following error analyses for η 22+23 :
(a) HTL corrections for the 23 process. From our η 22 error analysis, we assign a ∼ 30% error at α s = 0.1 to the 23 contribution for not implementing the HTL approach to the 23 collisions. The error will be smaller at smaller α s if the scaling for η 22 holds also for the error. Since the HTL effect tends to reduce the magnetic screening effect which lowers the IR cut-off and enhances the 23 collision rate, the HTL correction tends to reduce η 22+23 .
(b) LPM effect. We will try to estimate the error from neglecting the LPM effect. An intuitive explanation of this effect was given in Ref. [69] : for the soft bremsstrahlung gluon with transverse momentum k T , the mother gluon has a transverse momentum uncertainty ∼ k T and a size uncertainty ∼ 1/k T . It takes the bremsstrahlung gluon the formation time t ∼ 1/ (k T v T ) ∼ E k /k T 2 to fly far enough from the mother gluon to be resolved as a radiation. But if the formation time is longer than the mean free path l mf p ≈ O(α −1 s ), then the radiation is incomplete and it would be resolved as gg → gg instead of gg → ggg. Thus, the resolution scale is set by t ≤ l mf p . This yields an IR cut-off k 2 T ≥ E k /l mf p ≈ O(α s ) on the phase space [70] . Thus, the LPM effect reduces the 23 collision rate and will increase η 22+23 . Our previous calculation using the Gunion-Bertsch formula shows that implementing the m D regulator gives a very close result to the LPM effect [33] . Thus, we will estimate the size of the LPM effect by increasing the external gluon mass m g from m ∞ to m D .
(c) Higher order effect. The higher order effect is parametrically suppressed by O(α s ), but the size is unknown. Computing this effect requires a treatment beyond the Boltzmann equation [38] and the inclusion of the 33 and 24 processes. We just estimate the effect to be α s times the leading order which is ∼ 10% at α s = 0.1.
Combining the above analyses, we consider errors from (a) to (c). To compute a recommended range for η/s, we will work with the R 22 and R 23 collision rates defined as
Using HTL instead of m D in for the gluon propagator enhances the 22 rate by a factor of
We will assume that the same enhancement factor appears in 23 rate as well, such that
On the other hand, the LPM effect is estimated to suppress the 23 rate by a factor of
Combining the estimated HTL and LPM corrections to the 23 rate, the 22+23 rate is likely to lie in the range [R 22 + R 23 , R 22 + γδR 23 ], while the higher order effect gives ±α s (R 22 + R 23 ) corrections to the rate. Without further information, the errors are assumed to be Gaussian and uncorrelated, the total rate is
and the recommended upper (η + ) and lower (η − ) range for η 22+23 are η ± = 1
The η ± values are shown in the right panel of Fig. 2 and in Fig. 3 . Our final η/s result is as presented in Table I . At α s = 0.1, η/s ≃ [2.08, 2.58], which is closer to 2.85 of AMY than to XG's 0.5 in Ref. [30] and 0.795 ± 0.025 in Ref. [31] . At α s = 0.3, we have η/s ≃ [0.43, 0.759], which is compatible to 0.6 of AMY but not to XG's 0.13 in Ref. [30] and 0.166 ± 0.025 in Ref. [31] . s )] η/s in the α s expansion. Without computing the higher order contribution, it is hard to tell at what value of α s the perturbation starts to break down. In the above section, we have naively assumed the higher order contribution to be the leading order times α s , i.e. the expansion breaks down at α s ≃ 1. However, explicit computations of thermal dynamical quantities and transport coefficients showed that the break down might happen at smaller α s [59] [60] [61] (the screening mass computation breaks down at α s ≃ 0.1 [60] and the heavy quark diffusion constant computation breaks down at α s ≃ 0.01 [61] ).
Looking more closely to our leading order η/s shown in the left panel of Fig. 2 , the α s dependence of η/s changes qualitatively at α s ≃ 0.1. This could be a sign that higher order α s dependence has become as important as the leading order one. Thus, the higher order corrections could be bigger than our previous estimation, and our result might be only reliable when α s 0.1.
Having said that, it is interesting that our η/s bends slightly upward at α s 0.1 as if η/s is trying to avoid going below the conjectured 1/4π bound. Several models have proposed to described the microscopic picture in the non-perturbative region [71] [72] [73] [74] . And a similar result to ours is obtained in a recent calculation [75] based on one kind of simplification of the 23 matrix element [63] .
Our result implies that the proposed perfect fluid limit η/s ≃ 1/(4π) cannot be achieved by perturbative QCD alone.
V. CONCLUSIONS
We have calculated the leading order [O(α 
